In this paper, we prove strong convergence of a path for a convex combination of a pseudocontractive type of operators in a real reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ. Using path convergency, we establish strong convergence of an implicit iterative algorithm for a pseudocontractive mapping combined with a strongly pseudocontractive mapping in the same Banach space.
holds for every x, y ∈ D(A) and for all s > 0.
Within the past 40 years or so, many authors have been devoting their study to the existence of zeros of accretive mappings or fixed points of pseudocontractive mappings and iterative construction of zeros of accretive mappings and of fixed points of pseudocontractive mappings (see [5, [11] [12] [13] 16] ). Also several iterative schemes for approximating fixed points of single-valued or multi-valued nonexpansive and pseudocontractive mappings in Hilbert spaces and Banach spaces have been introduced and studied by many authors. We can refer to [2, 7, 10, 15, 17, 21] and references in therein.
In 2007, considering the result of Rafiq [15] for hemicontractive mapping in a real Hilbert space H, Yao et al. [21] introduced an iterative algorithm (1.1) below for approximating fixed points of a continuous pseudocontractive mapping T without compactness assumption on its domain in a real uniformly smooth Banach space E: for arbitrary initial value x 0 ∈ C and a fixed anchor u ∈ C, x n = α n u + β n x n−1 + γ n Tx n , ∀n ≥ 1, (1.1)
where {α n }, {β n } and {γ n } are three sequences in (0, 1) satisfying some appropriate conditions. By using the Reich inequality ( [16] ) in uniformly smooth Banach spaces:
x + y 2 ≤ x 2 + 2 y, J(x) + max{ x , 1} y b( y ), ∀x, y ∈ E, where b : [0, ∞) → [0, ∞) is a nondecreasing continuous function, they proved that the sequence {x n } generated by the proposed iterative algorithm (1.1) converges strongly to a fixed point of T.
In particular, in 2007, by using the viscosity iterative method studied by [14, 19] , Song and Chen [17] introduced a modified implicit iterative algorithm (1.2) below for a continuous pseudocontractive mapping T without compactness assumption on its domain in a real reflexive and strictly convex Banach space E having a uniformly Gâteaux differentiable norm: for arbitrary initial value x 0 ∈ C,
where {α n } and {β n } are two sequences in (0, 1) satisfying some appropriate conditions and f : C → C is a contractive mapping (i.e., there exists k ∈ (0, 1) such that f (x) − f (y) ≤ k x − y , ∀x, y ∈ C), and proved that the sequence {x n } generated by the proposed iterative algorithm (1.2) converges strongly to a fixed point of T, which is the unique solution of a ceratin variational inequality related to f . In 2007, Morales [12] introduced the following path for a continuous pseudocontractive mapping T in a real reflexive Banach space E having a uniformly Gâteaux differentiable norm such that every bounded closed convex subset of the space has the fixed point property for nonexpansive self-mappings:
where A is a continuous bounded strongly pseudocontractive mapping with a pseudocontractive constant k ∈ (0, 1). He proved strong convergence of the path {x t : t ∈ (0, 1)} described by (1.3) to a fixed point of T as t → 1 − , which solves a ceratin variational inequality related to A. In 2013, Jung [8] considered the following iterative algorithm for a continuous pseudocontractive mapping T in a real reflexive Banach space E having a uniformly Gâteaux differentiable norm such that every bounded closed convex subset of the space has the fixed point property for nonexpansive self-mappings or a reflexive and strictly convex Banach space having a uniformly Gâteaux differentiable norm: for arbitrary initial value x 0 ∈ C x n = α n Ax n + β n x n−1
where {α n } and {β n } are two sequences in (0, 1) and A is a continuous bounded strongly pseudocontractive mapping with a pseudocontractive constant k ∈ (0, 1). He also proved strong convergence of the sequences generated by proposed iterative algorithm (1.4) to a fixed point of T, which solves a ceratin variational inequality related to A.
The purpose of this paper is to continue the discussion concerning strong convergence of the path {x t : t ∈ (0, 1)} described by (1.3) and the iterative algorithm (1.4). In a real reflexive Banach space E having a weakly continuous duality mapping J ϕ with gauge function ϕ, we establish strong convergence of the path {x t : t ∈ (0, 1)} described by (1.3) and the sequence {x n } by proposed iterative algorithm (1.4) to a fixed point of the mapping T, which solves a ceratin variational inequality related to A. The main results develop and complement the corresponding results obtained by Jung [8] , Morales [12] , Yao et al. [21] and Song and Chen [17] as well as Chen and Zhu [3] , Moudafi [14] and Xu [20] .
Preliminaries and Lemmas
Let C be a nonempty subset of a real Banach space E. For the mapping T : C → C, we denote the fixed point set of T by F(T), that is, F(T) = {x ∈ C : Tx = x}.
By a gauge function we mean a continuous strictly increasing function ϕ defined on R + := [0, ∞) such that ϕ(0) = 0 and lim r→∞ ϕ(r) = ∞. The mapping J ϕ : E → 2 E * defined by
is called the duality mapping with gauge function ϕ. In particular, the duality mapping with gauge function ϕ(t) = t, denoted by J, is referred to as the normalized duality mapping. It is known that a Banach space E is smooth if and only if the normalized duality mapping J is single-valued. The following property of the duality mapping is also well-known:
where R is the set of all real numbers; in particular,
We say that a Banach space E has a weakly continuous duality mapping if there exists a gauge function ϕ such that the duality mapping J ϕ is single-valued and continuous from the weak topology to the weak * topology, that is, for any {x n } ∈ E with x n x, J ϕ (x n ) * J ϕ (x). For example, every l p space (1 < p < ∞) has a weakly continuous duality mapping with gauge function ϕ(t) = t p−1 ([1, 4, 6]). Set
Then it is known that J ϕ (x) is the subdifferential of the convex functional Φ( · ) at x. We prepare the following Lemma.
Lemma 2.1. Let E be a real reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ. Let {x n } be a bounded sequence of E, and let A : E → E be a continuous mapping. Let φ : E → R be defined by
for z ∈ E. Then φ is a real valued continuous function on E.
Proof. Let {z j } be a sequence in E such that z j → z ∈ E. Then {z j } is bounded, z j z, and ϕ( z j − x n ) < ∞. So, by the continuity of A and the weak contiunuity of J ϕ , we have
Therefore, φ is continuous on E.
We need the following well-known lemmas for the proof of our main result.
Lemma 2.2. [1, 4]
Let E be a real Banach space, and let ϕ be a continuous strictly increasing function on R + such that ϕ(0) = 0 and lim r→∞ ϕ(r) = ∞. Define
Then (i) The following inequalities hold:
where j ϕ (x + y) ∈ J ϕ (x + y).
(ii) Assume that a sequence {x n } in E is weakly convergent to a point x. Then there holds the identity
Lemma 2.3. [18] Let {s n } be a sequence of non-negative real numbers satisfying
where {λ n } and {δ n } satisfy the following conditions:
Let C be a nonempty closed convex subset of a real Banach space E. Recall that S : C → C is called accretive if I − S is pseudocontractive. If T : C → C is a pseudocontractive mapping, then I − T is accretive. We denote G = J 1 = (2I − T) −1 . Then F(G) = F(T) and the operator G : R(2I − T) → C is nonexpansive and single-valued, where I denotes the identity mapping.
We also need the following result which can be found in [17] .
Lemma 2.4. [17]
Let C be a nonempty closed convex subset of a real Banach space E, and let T : C → C be a continuous pseudocontractive mapping. We denote G = (2I − T) −1 . Then (i) The mapping G is nonexpansive self-mapping on C, i.e., for all x, y ∈ C, there holds Gx − Gy ≤ x − y , and Ax ∈ C.
(ii) If lim n→∞ x n − Tx n = 0, then lim n→∞ x n − Gx n = 0.
Let C be a nonempty subset of a Banach space E, For x ∈ C the inward set of x, I C (x), is defined by
A mapping T : C → E is said to satisfy the weakly inward condition if
where I C (x) denotes the closure of the inward set I C (x). On the other hand, if Tx ∈ I C (x) for each x ∈ K, T is said to, simply satisfy the inward condition. Every self-mapping satisfies trivially the weakly inward condition. Finally, we recall that a Banach space E is said to be strictly convex (
The following Lemma, which is well-known, can be found in many books in the geometry of Banach spaces (see [1, 6] ). Lemma 2.5. If E is a real Banach space such that E * is strictly convex, then E is smooth and any duality mapping is norm-to-weak * -continuous.
Iterative Algorithms
First, we need the following result, which is given in [12] .
Proposition 3.1. Let C be a nonempty closed convex subset of a real Banach space E. Let T : C → E be continuous pseudocontractive mapping, and let A : C → E be a continuous strongly pseudocontractive mapping with a constant k ∈ (0, 1). Suppose, in addition, that T and A satisfy the weakly inward condition.Then there exists a unique path t → x t ∈ C, t ∈ (0, 1), satisfying x t = (1 − t)Ax t + tTx t .
Our first result shows that Morales's result [12] holds in a reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ. Theorem 3.2. Let E be a real reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ. Let C be a nonempty closed convex subset of E, let T : C → E be a continuous pseudocontractive mapping with F(T) ∅, and let A : C → E be a continuous bounded strongly pseudocontractive mapping with a pseudocontractive constant k ∈ (0, 1). Suppose that T and A satisfy the weakly inward condition. For each t ∈ (0, 1), let x t ∈ C be defined by
Then the path {x t } converges strongly to a point p in F(T) as t → 1 − , which is the unique solution of the variational inequality
Proof. By Proposition 3.1, the path {x t } exists. It remains to show that it converges strongly to a fixed point of T as t → 0. Let z ∈ F(T). Since T is pseudocontractive, we have
On the other hand, since
we have
Now we show that {x t } is bounded. Indeed, by strong pseudocontractivity of A, we get
Using (3.3), we deduce
Thus we obtain
which yields
Therefore {x t : t ∈ (0, 1)} is bounded. Since A is a bounded mapping, {Ax t : t ∈ (0, 1)} is bounded. Moreover, from (3.1), it follows that
and so {Tx t } is bounded (as t → 1 − ). Next assume t n → 1 − . Since E is reflexive and {x t n } is bounded, we may assume that x t n p for some p ∈ C. Since J ϕ is weakly continuous, by Lemma 2.2, we have
Then it follows from (3.5) that
From Lemma 2.4, we know that the mapping G = (2I − T) −1 : C → C is nonexpansive, and F(G) = F(T). Since {Ax t } and {Tx t } are bounded, it follows from (3.1) that
So, by Lemma 2.4, we have x n − Gx n → 0. Thus
By (3.6), we also get
Combining (3.7) and (3.8) yields
Hence Gp = p and p ∈ F(T) = F(G).
Let {t n } be a sequence in (0, 1) such that t n → 1 − and x t n p as n → ∞. Then the argument above shows that p ∈ F(T). We next show that x t n → p. Replacing z in (3.4) with p, we have
Noting that x t n p implies J ϕ (x t n − p) 0, we get
Hence x t n → p. Finally, we prove that the entire net {x t } converges strongly to p. To this end, we assume that two sequences {t n } and {s n } are such that x t n → p and x s n → q.
Since a Banach space E has a weakly continuous duality mapping J ϕ , J ϕ is single valued and weak-to-weak * continuous. So, we deduce for any z ∈ F(T),
Therefore, we get q − Aq, J ϕ (q − z) = lim
Interchange p and z in (3.9) to obtain q − Aq, J ϕ (q − p) ≤ 0. (3.10)
Interchange q and p in (3.10) to obtain
Adding (3.10) and (3.11) yields
Hence p = q. Again, it follow from (3.3) that
We notice that the definition of the weak continuity of the duality mapping J ϕ implies that E is smooth. Thus E * is strictly convex for E is reflexive. Noting that J ϕ is norm-to-weak * -continuous by Lemma 2.5 and taking the limit as t → 1 − in (3.12), we obtain
This means that p is the unique solution of the variational inequality (3.2). This completes the proof.
Using Theorem 3.2, we establish the following main result.
Theorem 3.3. Let E be a real reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ. Let C be a nonempty closed convex subset of E, let T : C → C be a continuous pseudocontractive mapping with F(T) ∅, and let A : C → C be a continuous bounded strongly pseudocontractive mapping with a pseudocontractive constant k ∈ (0, 1). Let {α n } and {β n } be sequences in (0, 1) satisfying the following conditions:
(C1) lim n→∞ α n = 0 and lim n→∞ β n = 0; (C2)
For arbitrary initial value x 0 ∈ C, let the sequence {x n } be defined by
Then {x n } converges strongly to a fixed point p of T, which is the unique solution of the variational inequality (3.2).
Proof. We divide the proof into several steps as follows.
Step 1. We show that {x n } is bounded. To this end, let q ∈ F(T). Then, noting that
and
So, we obtain
By induction, we have
Hence {x n } is bounded. Since A is a bounded mapping, {Ax n } is bounded. From (3.13) it follows that Tx n = 1 1 − α n − β n ( x n + α n Ax n + β n x n−1 ), and so {Tx n } is bounded (n → ∞).
Step 2. We show that lim n→∞ x n − Tx n = 0. In fact, by (3.13) and the condition (C1)
x n − Tx n ≤ α n Ax n − Tx n + β n x n−1 − Tx n → 0.
Step 3. We show that lim sup n→∞ Ap − p, J ϕ (x n − p) ≤ 0, where p = lim t→1 − x t with x t ∈ C being defined by x t = (1 − t)Ax t + tTx t in Theorem 3.2. We know from Theorem 3.2 that p is the unique solution of the variational inequality (3.2) . Using the equality
and the inequality
we obtain
and hence
Therefore, by
Step 2 and lim sup n→∞ ϕ( x t − x n ) < ∞, we have lim sup
Thus, by Lemma 2.1, we conclude lim sup
Step 4. We show that lim n→∞ x n − p = 0, where p = lim t→1 − x t with x t ∈ C being defined by x t = (1 − t)Ax t + tTx t and p ∈ F(T) is the unique solution of the variational inequality (3.2) by Theorem 3.2. To this end, first we note that
From (3.13), (3.14), (3.15) and Lemma 2.2, we have 16) where
This implies that
From the condition (C2) and Step 3, it is easily seen that ∞ n=1 λ n = ∞ and lim sup n→∞ δ n ≤ 0. Thus, applying Lemma 2.3 to (3.16), we conclude that lim n→∞ Φ( x n − p ) = 0. Hence lim n→∞ x n = p. This completes the proof.
Corollary 3.4. Let E be a real reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ. Let C be a nonempty closed convex subset of E, and let T : C → C be a continuous pseudocontractive mapping with F(T) ∅. Let {α n }, {β n } and {γ n } be three sequences in (0, 1) satisfying the conditions (C1) and (C2) in Theorem 3.2 and γ n = 1 − α n − β n for n ≥ 1. For arbitrary initial value x 0 ∈ C and a fixed anchor u ∈ C, let the sequence {x n } be generated by x n = α n u + β n x n−1 + γ n Tx n , ∀n ≥ 1.
Then {x n } converges strongly to a fixed point p of T, which is the unique solution of the variational inequality p − u, J ϕ (p − q) ≤ 0, ∀q ∈ F(T).
Proof. Taking Ax = u, ∀x ∈ C as a constant function, the result follows from Theorem 3.3.
Remark 3.5. 1) Theorem 3.2 extends and improves Theorem 3.1 of Chen and Zhu [3] (and Theorem 2.1 of Moudafi [14] and Theorem 3.1 of Xu [20] ) in the following aspects:
(a) The nonexpansive mapping T is replaced by a continuous pseudocontractive mapping T.
(b) The contraction f (and the constant u) is replaced by a continuous bounded strongly pseudocontractive mapping A.
2) Theorem 3.2 also develops Theorem 2 of Morales [12] to a reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ.
3) Theorem 3.3 says that Theorem 3.2 of Jung [8] holds in a reflexive Banach space having a weakly continuous duality mapping J ϕ with gauge function ϕ.
4) Theorem 3.3 also extends and improves Theorem 3.1 of Yao et al. [21] in the following aspects:
(a) u is replaced by a continuous bounded strongly pseudocontractive mapping A.
(b) The space is replaced by a space having a weakly continuous duality mapping J ϕ with gauge function ϕ.
(c) The condition lim n→∞ α n β n = 0 is weakened to the condition lim n→∞ α n = 0 and lim n→∞ β n = 0.
5) Theorem 3.3 develops and complements Theorem 3.1 of Song and Chen [17] by replacing the contractive mapping f in the iterative algorithm (1.2) with a continuous bounded strongly pseudocontractive mapping A in a reflexive Banach space which has a weakly continuous duality mapping J ϕ with gauge function ϕ.
